The well-known diffusion theory describes propagation of light and electromagnetic waves in complex media. While diffusion theory is known to fail both for predominant forward scattering or strong absorption, its precise range of validity has never been established. Therefore we present precise, universal limits on the scattering properties, beyond which diffusion theory yields unphysical negative energy density and negative incident flux. When applying diffusion theory to samples outside validity ranges to infer scattering properties from transmission and reflection, the resulting transport parameters deviate by up to an order of magnitude compared to the true ones. These discrepancies are relevant to atmospheric and climate sciences, biophysics and health sciences, white LEDs and lighting, and Anderson localization of waves.
Understanding the propagation of light and other electromagnetic waves in scattering media with absorption and anisotropy is crucial in many areas of research [1] [2] [3] [4] , ranging from astrophysics to clouds [5] and climate science [6] [7] [8] [9] to biology [10] [11] [12] [13] [14] [15] [16] , to pharmaceuticals and to sustainable energy generation [17] [18] [19] [20] [21] [22] . Transport theory is used to describe the propagation of waves in these complex materials [1] . Given the complexity of transport theory, analytic solutions only exist for very simple geometries. In realistic situations one usually relies on numerical approximations or on simulation techniques. In order to gain physical insight into the solutions of transport theory one needs to find reliable analytical approximations. The first-order analytic approximation to transport theory is the well-known diffusion theory [1] .
Diffusion theory is known to be a useful approximation to transport theory for media with a wide range of transport parameters [5, 12, 23] . The accepted ranges of validity are typically qualitatively described by comparing the sample thickness d to several characteristic length scales [24] :
where the transport mean free path l tr is the average distance light travels before losing information about its initial direction due to scattering, and the absorption mean free path l abs is the average distance light travels before being absorbed [3, [25] [26] [27] . Whereas the inequalities (1) provide guidelines for the range of validity, they only offer a qualitative picture. Therefore, the central questions we address in this paper are: "Are there sharply defined ranges of validity of diffusion theory?", and if so "What happens outside such a range?". In brief, the answers provided by this Letter are respectively: (a) yes, there are precise ranges of validity, and (b) outside these ranges we find unphysical behavior. Both transport theory and diffusion theory of propagation of electromagnetic waves use the characteristic scattering length scales (l scat , l abs , l tr ) [28] . Here, the scattering mean free path l scat is the average distance light travels between two consecutive collisions. These characteristic length scales have straightforward relations to the single-particle properties (σ s , σ a , µ) [1] :
where σ s is the scattering cross section of the scattering particles, σ a is their absorption cross section. The anisotropy factor µ is defined as the average scattering angle, µ ≡ cos θ , of a scattering particle and ρ is the density of scattering particles. The coefficients µ s , µ a , µ s are invoked as they are often used in the vast field of biophotonic research [12, 29, 30] . The main advantage of diffusion theory is that simple and analytical solutions are offered for ubiquitous geometries such as the finite slab and the sphere. For instance, for a plane wave incident upon a slab with thickness d the diffusion equation for the diffuse energy density
where Q 0 ≡ [3ρσ s ρσ tr +3ρσ s ρσ t µ](F 0 /4π), F 0 is the magnitude of the incident flux, σ tr = (1 − µ)σ s + σ a is the transport cross section, κ 2 d ≡ 3σ a σ tr , and σ t ≡ σ s + σ a is the total cross section. The mixed boundary conditions are where
The solution to differential equation (5) with boundary conditions (6) and (7) is the starting point of our discussion. We have verified the solution given in the literature [1] , both analytically and numerically. The diffuse energy density U d (z) is a positive definite scalar, a condition that is rigorously expressed as
The diffuse flux
, whose outgoing direction changes from leftward, the incoming direction, at the front surface to rightward at the back surface of the slab, conditions that are expressed rigorously as
The rigorous conditions (8) (9) (10) replace the qualitative inequalities (1) . When any of these conditions (8-10) is violated the diffusion equation fails, as observable quantities then display unphysical behavior, namely negative reflection or transmission coefficients or a negative energy density.
To check the validity range of the diffusion equation for the slab and the semi-infinite slab we explored the full parameter space. While several independent parameter sets can fully characterize a sample, we choose the set consisting of the three dimensionless parameters (W, µ, b), where the albedo W is defined as W ≡ σ s /(σ s + σ a ), the dimensionless optical thickness of the slab b is defined as b ≡ d/l scat , and the anisotropy factor µ was defined above.
Our main results are summarized in Fig. 1 . This phase diagram shows two lime-green regions that indicate the part of the parameter space where diffusion theory fails, as it generates a negative energy density. In the white region the results of diffusion theory are mathematically sound. It appears that the boundary conditions on the flux F (z) and the energy density U (z) are equivalent: in Fig. 1 the two boundaries of the applicability range of the diffusion theory were calculated from the vanishing of the energy density: Naively, one may expect the boundaries defining the validity of the diffusion equation to depend on the optical density. We find, however, that only the top unphysical region depends significantly on the optical thickness as shown in Fig. 1 . For an albedo W > 0.5, the top unphysical region is more significant for greater optical thickness b. When W < 0.5, we observe no changes in the top unphysical area for varying optical thickness b. This insensitivity for strongly absorbing samples is explained by the fact that light does not reach the right side of the slab. In Figure 1 the locations of some widely-studied scattering media are indicated.
To illustrate the wrong predictions when the diffusion theory is applied to samples with parameters in the unphysical range, we show in Fig. 2 the energy density and flux for two such samples. For a strongly forward scattering and absorbing material, Figure 2(a) shows that the flux and energy density are unphysical near the left (entrance) boundary of the sample. A real-world physical situation where this behavior arises are certain types of clouds, see Fig. 1 . For a strongly backward scattering and absorbing sample, Fig. 2(b) shows that the flux and energy density are unphysical near the right (exit) boundary of the sample.
We now discuss how scientists who experimentally study samples with parameters in an unphysical range of diffusion theory apparently manage to interpret their results with diffusion theory without encountering any problem. From an experimental point of view, a scattering sample is typically characterized with the set of three length scales (d, l tr , L a ), where the absorption length L a is defined as L a ≡ l tr l abs /3, which can be associated with the average distance between the start and the end of a random-walk with absorption mean free path l abs . The set (d, l tr , L a ) is fully equivalent to the set (W, µ, b). We emphasize that both sets always represent a valid set of parameters to characterize wave transport in a scattering sample, irrespective of the validity of diffusion theory. In a typical experiment the total transmission coefficient T and the total reflection coefficient R are measured. From these experimental data, the length scales (l We now investigate quantitatively how much the apparent transport parameters deviate from the true ones, when using diffusion theory in regions where it is unphysical. To obtain the true parameters we have performed extensive Monte Carlo simulations, using the method described in Ref. [34, 35] . In the simulations, samples are characterized by the parameter set (b, l tr , L a ). For several thicknesses b we calculate the transmission T and the reflection R for many values of the parameter pair (W, µ) and convert these values onto the (l tr , L a ) parameter space. In this way we obtain for a specific thickness b an exact mapping of the parameters (l tr , L a ) to the observables (T , R), and vice versa. Given the set of observables (T , R) obtained from our simulations, we then calculate with diffusion theory the apparent length scales (l d tr , L d a ) that would produce these observables T and R. These apparent length scales are then compared with the true parameters (l tr , L a ). To evaluate the relative error of the apparent length scales obtained with diffusion theory we define the relative errors
and
for the transport and the absorption mean free paths, respectively. In Fig. 3 we show for an optical thickness b = 3 the full 2D map of the relative errors for both the transport mean free path ∆ tr and the absorption length ∆ a . In the same figure we have indicated the boundaries separating the two unphysical regions from the physical region of diffusion theory. These boundaries, calculated from boundary conditions (8) to (10) , divide the scatter-ing parameter space into three parts: an upper unphysical region, a physical region in the center, and a lower unphysical region. Figure 3 shows that in the upper unphysical region the relative errors in the transport mean free path are huge for all albedos, ranging from ∆ tr = 100% up to 1000%. The corresponding relative errors in the absorption mean free path are also substantial, ranging from ∆ tr = 50% to 100%. We note that the illustrative sample presented in Fig. 2(a,c) also has large relative errors for the length scales, namely ∆ tr = 1056% and ∆ a = 115%.
In the lower unphysical region in Fig. 3 the transport mean free path has relative errors from ∆ tr = 60% up to 80% and the absorption mean free path has errors up to about ∆ a = 90%. In the physical region the errors are, as to be expected, much less. For an albedo W ≥ 0.5 the relative errors are less than 10%, except that close to the upper boundary the relative errors increase to about ∆ tr = 100%. For more strongly absorbing samples with W < 0.5, the errors become substantial even in the physical region: for transport ∆ tr = 60% and for absorption up to ∆ a = 100%.
In summary, we have derived the fundamental ranges of validity of diffusion theory in media with absorption and anisotropic scattering. We identify two large unphysical regions in the (W, µ)-plane, where the albedo W characterizes the amount of absorption and where µ represents the anisotropy parameter. We found that a major limitation when using diffusion theory to analyze experimental reflection and transmission data is that it is reliable only with a priori knowledge that the sample has transport parameters well inside the physical region of the (W, µ)-plane. Otherwise, diffusion theory gives unreliable results when interpreting data on such samples. These errors are likely to have major impact on applications with important associated societal consequences. Figure 1 shows that widely-studied scattering media such as biological tissue, clouds, or white LEDs [5, 12, 33] have transport parameters near or even within the upper unphysical range. Erroneous transport parameters for clouds will have consequences for atmospheric and climate sciences, in case of biological tissue there may be consequences for health sciences, and in case of white LEDs there are consequences for the energy efficiency of modern lighting.
Our new insights have also consequences for the long-sought Anderson localization where diffusion theory breaks down due to interference, either for light, for microwaves, or for electrons [36, 37] . The current consensus is that absorption is an unwanted side effect that has otherwise no consequences for the breakdown of diffusion theory [38] . Based on our results, however, it is clear that when reporting breakdown of diffusion of electromagnetic waves one must ensure that the samples have parameters well in the physical region of the (W, µ)-plane.
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